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Abstract 

We prove the intrinsic ultracontractivity for the semigroup generated by a large class 
of symmetric Levy processes such that the Levy measure satisfies some conditions in 
the neighborhood of 0, killed on exiting a bounded and connected Lipschitz domain. 

1 Introduction 

Intrinsic ultracontractivity has been studied extensively in recent year in the case of the 
symmetric diffusions (see e.g. |DSj . [B] ) and the symmetric a-stable process (see e.g. |(ySj . 
[K]). The concept of the intrinsic ultracontractivity for non-symmetric semigroups was 
introduced in |KSj . 

If the Levy measure of symmetric Levy processes Xt is "uniformly separate" from 
(see (P)) on truncated cone with vertex in the neighborhood of 0, we prove the intrinsic 
ultracontractivity for semigroup generated by the killed process on exiting a bounded and 
connected Lipschitz domain (Theorem |H1). In the case if the Lebesgue measure is absolutely 
continuous with respect to the Levy measure then we show that the semigroup is intrinsic 
ultracontractive for any bounded open set (Remark E)). 

The paper is organized in the following way. In Section 2 we recall some definitions and 
prove facts about continuous and strictly positivity of a transition density of process killed 
on exiting a bounded open set. In Section 3 we prove the intrinsic ultracontractivity. 

2 Preliminaries 

In M*^, ^ 1, we consider a symmetric Levy processes Xt. By u we denote its (nonzero) Levy 
measure and by p{t,x,y) = p{t,x — y) the transition densities of Xt, which are assumed to 
be continuous for every t > and defined for every x,y & W^. In addition we assume that 
there exists a constant c{6) such that p(t,x) ^ c for t > and |x| ^ 6. 



1 



We use the notation C = C(a, 7, . . . ) to denote that the constant C depends on 
Q!,/3,7, . . . . Usually values of constants may change from line to line, but they are always 
strictly positive and finite. Sometimes we skip in notation that constants depend on usual 
quantities (e.g. d,D). Next, we give some definitions. We denote 

TD = mi{t >0:Xt^D}, 

r]D = mi{t ^0:Xt^D}. 

Let D be a bounded connected nonempty open set. In order to study the killed process 
on exiting of D we construct its transition densities by the classical formula 

Pnit, X, y) = p{t, X, y) - rnit, x, y), 

where 

rn{t,x,y) = E^'lt > Tn;p{t - TD,X^^,y)]. 

The arguments used for Brownian motion (see eg. |CZp will prevail in our case and one 
can easily show that pD{t,x,y), t > 0, satisfy the Chapman- Kolmogorov equation (semi- 
group property). Moreover the transition density pD{t,x,y) is a symmetric function {x,y) 
a.s.. With the above assumptions of the transition densities of the (free) process one can 
actually show that p£)it,x,-) and pci{t,-,x) can be chosen as continuous functions on D. 
The semigroup given by the process Xt killed on exiting of D we denote by Pf^. We set 
Gd{x, y) = pnit, X, y)dt and call the Green function for D. 

Pf is a strongly continuous semigroup of contractions on L'^{D). Because pD{t,x,y) is 
symmetric a.e., we obtain that the operator P/^ is selfadjoint. For D bounded we get from 
continuity of p(t, ■) that 

PDit,x,y) ^p{t,x -y) ^ sup p{t, x) = Ci{t, D). 

xg_B(0,diam{Z))) 

Therefore P/^ is Hilbert-Schmidt operator, so it's also compact. So, it's well-known that 
there exists an orthonormal basis of real-valued eigenf unctions {v^njJ^Lo with corresponding 
eigenvalues {e~'*'"*}^Q satisfying < Aq < Ai ^ A2 ^ . . ., where all ipn are continuous. 
We have that pnit^x, ■) G L'^{D) so we can represent this function as 

00 

Poit, X, •) = ^ < pz)(t, X, ■),(Pn> Vn- 
n=0 

But < pD{t,x, ■),ipn >= Pt^ipn{x) = e~^"Vn(a;), so 

00 

Poit.x.y) = ^e"^"Vn(a;)v5„(2/). 

n=0 
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Now, let us observe that the above series are uniformly convergent, it follows from ^ 
e^"*/3Ci(V3,L') and 

CO „ 

y^g-A„V3= / pjj{t/2,,x,x)dx ^Ci{t/?>,D)\D\. 

n=0 

Hence, we get that pnit-i ■, •) G C{D x D). Therefore pD{t,x,y) = pD{t,y,x) for any t > 
and x,y & D. 

Next, we show that poit,-,-) is strictly positive on D x D. First, let us observe that for 
any x & D we have poit, x, x) > 0. Indeed, 

PDit,x,x) = J^PDC-,x,y)pD{^,y,x)dy = J^pl{t/2,x,y)dy ^ {P%td > t/2)f/\D\ > 0. 

Let K G D he a compact and connected set. By continuity of ") we obtain that for 

any x & K there is a radius such that 

PD{t,x,y)>0 ioY x,y e B{x,2r^). 

Because K is compact, there are Xi,...,Xk G K such that K C [j^^^ B{xk,rx^). Now, 
we use a fact that K is connected to get from the Chapman- Kolmogorov equation that 
PD{kt,x,y) > for any x,y e K. Hence we have that pD{s,x,y) > ior s kt and 
x,y E K. Therefore GD{x,y) > 0, first for x,y E K and next for any x,y E D. This give 
us that pD{t,x,y) is strictly positive on D for any t > 0. So we obtain that ifo is strictly 
positive on D too. 

Lemma 1. For any x & D and t > we have 

PD{t,x,y)^C(t,D)E^rDEHD. 
Proof. By the Chapman- Kolmogorov equation we obtain for t > 

poit, x,y)^ I PD{t/2, X, z)pD{t/2, z, y)dz ^ C^{t/2, D)P'^{td > t/2). 
Jd 

Applying again the Chapman-Kolmogorov equation together with the above inequality we 
get 

PD{t,x,y) ^ C^P^{TD>t/A) I pD{t/2,z,y)dz 

JD 

= C,P%TD>t/A)py{rD>t/2). 
The application of Chebyshev's inequality completes the proof. □ 

Definition 2. The semigroup {P^} is said to be intrinsic ultracontractive if, for any t > 0, 
there exists a constant q such that 

Poit, X, y) ^ Ctipo{x)ipQ{y), x,y e D. 
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Proposition 3. Let D be a bounded connected nonempty open set. Then {P/^} is intrinsic 
ultracontractive if and only if there is a constant C such that E^td ^ CipQ{x). 

Proof. Suppose that {P^} is intrinsic ultracontractive tliat is 

PDit,x,y) ^ Ct(po{x)(po{y). 

Because poit, ■, ■) and (po{-) are continuous and strictly positive, we have (see Theorem 3.2 
in |DSj ) that there is q such that 

Ct(po{x)(po{y) ^ poit.x.y). 
If we integrate the above inequahty with respect to dt we get 

Cv9o(x)v3o(l/) ^ GD{x,y). 
And by integrating with respect to dy 

C^{x) ^ EVb. 
Now, suppose that E^T£) ^ Ci{>Q{x). From Lemma^we have 

PD{t,x,y)^CtE^Tj,EyTD, 
what ends the proof. □ 

3 Main results 

We prove intrinsic ultracontractivity for the semigroup Pf generated by the symmetric Levy 
process, whose a Levy measure satisfies 

Vr>o,7G(o,7r)3p>o , , inf _ '^(L^lz/) H 5(0, r)) > 0, (1) 

\y\=p\ ^j{y) 

where T^{y) is a right circular cone of angle 7 at the vertex in y. 

Notation and the proof of following theorem is similar as in paper [K]. We assume that 
D is a bounded and connected Lipschitz domain. That is there exist 70 and Rq > and 
a cone F^p = {{y,x) : < x, 7/ e M.'^~^, 7o|i/| < x} such that for every Q G dD, there is 
a cone T^g{Q) with vertex Q, isometric with F^^ and satisfying T^g{Q) fl B{Q,Rq) C D. 
Denote U{a) = {x E D : 5d{x) < a}, where a ^ ^^^J^^ - Then for any x E U{a) 

there are a point y and a cone F^q(?/) such that \y — x\ < a{l + a/1 + 7o) ^ ^ and 
F^o(l/)n5(a;,i?o/2) ^DnU^af. 
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We fix xq E D and let r > be such that B{xo,2r) C D. Denote K = B{xo,r), 
L = B{xQ,2r), M = D\K and = D\L. We deal that r ^ po- Define stopping time Sn 
and Tn 

Si = 0, 

Tn = Sn+r]M °0Sny 
Sn = Tn-l+r]LOeT„_^. 

Now, we prove the following lemma. 
Lemma 4. There exists a constant c = c{D,xo) such that 

for all X eW^. 

Proof. From we get existing a constant (Tq ^ r such that 

inf u{T,,{y)nBiO,Ro/2)) = Ci. 

\y\='^o{l+^/T+^)■, r^o(3/) 

Denote W = {x e D : Soix) ^ ao/2}\B{xo,r). 
First, we prove that for x G H^, we have 

P"(X(rM) eK)^ ci, (2) 

for some constant c = c(r, D). Let pi be such that 

inf u{Ti{y) n 5(0, r)) = C2 > 0. 
\y\=pi; ^liy) 



Denote J = D\B{xq, r — pi/4). Indeed, from the Ikeda-Watanabe formula we have 

P^{X{TM)eK) ^ P^X{Tj)eB{xo,r-p^/A)) 
^ P^{X{Tj)eB{x^,r-pj2)) 

Gj{x, y)u {B (xo, r - pi/2) - y) dy 



> / Gj{x,y)u{B{xo,r- pi/2)-y)dy. 
Jw 



Because pj(t,-,-) is continuous and positive function on J x J and x 14^ is compact subset 
of J X J, we get mix,yew Pj(t,x,y) > 0. So, 

POO 

inf Gj{x,y) ^ / inf pj{t, x^y)dt = c > 0. 

x,y£W In x,y£W 
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Besides, we have 



inf z/((5(xo,r-pi/2) -y) ^ inf iy{Ti{y) n B{0,r)) > 0. 

yeB{xo,r+pi/2) \y\=pi; ri(y) 



Therefore 



P"(X(rM) eK)^e [ u{B (xq, r - pi/2) -y)dy = C>Q. 

JB{xo,r+pi/2)\B(xo,r) 

From and the fact that E^tm ^ C we obtain the claim of the lemma for a 
Now, let X G D\{W U i^) = f/((To/2). Then from Strong Markov Property 



we get 



= CiiE'^TM - E'^Tu^aom)- 

And from (0) we obtain 

P"(X(rM) G fC) = P^(X(r^(.„/2)) eWUK, P^(^^«'o/2))(X(rM) G i^)) 
^ c^P^{X{Tui.,/2))eWVJK). 

But 

P-(X(rt;(^„/2))Gl^Uir) ^ P-(X(rc;(.„/2)) GDnf/(0) 



'u{ao/2) 



> Ci j Gu{ao/2){x,y)dy = CiE'^Tuiaom 

Juiao/2) 



Hence 

P%x{TM)eK) = (1 + i)p--(^(^M) G i^) 

^ '^{E'^'^M - E"" TD^iy/yjK)) + ^(-E''rz)\(iyuX)) 



For a; G P\ we have E^tm = E^rjM, and the claim of the lemma for a; G P'^ U of course 
is obvious, so it ends the proof. □ 

Lemma 5. For all x eM.'^ there exists a random variable Z such that for alln^ Z we have 
= r]D almost surely P"". 
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Proof. We will show that there exists a constant j3 < 1 such that P^{Tn < rjo) ^ for all 
a; G M'' and n ^ 1. 

Let R = B{xo,diam{D))\K and e = inf^.,ygij(^„,diam{D)-pi/2)\B{xo,2r) y) then from 

the Ikeda-Watanabe formula for x & N we get 

P^{X{r]M)eD') ^ P^{X{r]R)eB'{xo,dmm{D))) 

> / GR{x,y)u{B%xo-y,diam{D)))dy 

Jb{xo ,diam(_D)-/9i /2)\B{xo ,2r) 

> e ^{B%y, diam{D)))dy ^ eCiC =1-/3. 

J B{0,diam{D)-pi/2)\B{0,diam{D)-pi) 

Consequently, for any x G M'* and n ^ 1 we get 

P^(T„ < T„+i = Vd) = P%T^ < Vd, 5'„+i = r/B)+P"(T„ < r/^, 5'„+i < r/^, X(T„+i) G D'^) 

= P^(T„ < 5'„+i = r/o) + P"(T„ < r/B, G iV, X(r/M) o e D^) 

= P^X^n < VD,Sn+i = r,D) + E^{Tn < r]D,X{Sn+i) G iV, P^(^"+^) (X(r7Af ) G D^)) 

^ (1 - /3)P"(T„, < r/z5, = r]D) + (1 - /5)P"(T„ < r/z,, 5„+i < r/z,) 

= (l-/3)P^'(^n<^i?)- 

Hence, we obtain 

^ P^{Tr, < Vd) - (1 - /3)P"(T„ < vd) = /3P"'(^n < Vd)- 
Applying the Borel-Cantelli Lemma ends the proof of lemma. □ 

The above lemma allow us to prove similarly as Theorem 8 in jKj the following proposi- 
tion. 

Proposition 6. Let C be an nonempty open subset of D. Then there is c such that 

r lc{Xt)dt ^ CE^TD. 

Jo 

Theorem 7. There exists a constant C such that 

E-Tn < C^x), 

for all X E D. 
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Proof. We have, for alH > 0, 

JD 

By integration this with respect dt we get 

ipo{x) = Xo GD{x,y)ipo{y)dy. 

JD 

Because ipo is continuous and positive, we obtain that there is a constant e > such that a 
set 

C = {x : (po{x) > e} 
is nonempty. By Proposition IHl we have 

E^'td ^ c"^ / GD{x,y)dy ^ {cey^ / GD{x,y)^o{y)dy 

JC JC 

^ {ceY^ j GD{x,y)(po{y)dy = {ceXo)~'^(po{x). 

JD 

□ 

Applying Lemma El give us the theorem below. 

Theorem 8. Let D be an bounded and connected Lipschitz domain. If the Levy measure of 
symmetric Levy process Xt satisfies (01), then the semigroup {Pf^} is intrinsic ultracontrac- 
tive. 

Remark 9. Suppose that the symmetric Levy process Xt has the Levy measure such that 
the Lebesgue measure is absolutely continuous with respect to it. Then the semigroup Pf' 
is intrinsic ultracontractive for any bounded open set. 

Proof. Proof of this remark is the same as the proof of Theorem 1 in |Kl . □ 
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